We present a feasibility study for interpretation of gravity gradient surveys in a single borehole using both an analytic and inverse-based approach. We analytically solve for distance and direction angles to a point source using the components of the gravity gradient tensor from a set of observations in a single borehole. We then generalize this approach to include the response due to a prismatic source. By inverting multiple sets of tensor components for 3D density contrast distributions, we show that as few as two independent gravity gradient components in a single borehole can be used to locate and image subsurface anomalous bodies. However, gradient measurements in a single borehole are insufficient to resolve multiple closelyspaced compact bodies.
INTRODUCTION
With the anticipation of borehole gravity gradiometers being developed for mineral exploration applications, the development of interpretation algorithms is required. Krieger et al. (2009) presented several case studies indicating the contribution of borehole gravity gradiometer systems to resource exploration and characterization in multiple boreholes. In this paper, we focus on a single-borehole set of gravity gradient observations in order to mitigate economic and environmental costs in a hypothetical field survey. Locating and imaging anomalous density zones situated off a drill hole is also of practical importance in mineral exploration. For example, a singlehole gravity gradiometry survey conducted in a drill hole that missed an intended target may help locate it for subsequent drilling. In such cases, the depth of the target, its distance from the drillhole, and azimuth would be sufficient. Borehole gravity gradiometry surveys maybe more effective than other borehole geophysical methods such as borehole electromagnetic surveys.
Beginning with the relationship between a point-source and the gravity gradient tensor, we derive a closed-form geometric solution that defines the location of that source relative to the borehole for both point and prismatic sources. This is a geometrical approach and analogous to the methods developed by Morris et al. (1995) for interpreting thee-component borehole magnetic data. We also applied a regularized 3D density inversion approach and show that inverted density distribution from borehole gravity gradients can accurately recover an anomalous mass due to a single compact source and, therefore, serve to image an off-hole density anomaly. However, singleborehole surveys are insufficient to resolve multiple compact bodies as expected.
GEOMETRIC APPROACH
The gravity gradient response of a point source is a tensor defined by the double gradient of a positioning vector as
where γ is the gravitational constant, m the mass of the point source, and r p and r q the positions of the observation point and the source respectively. We adopt a right-hand Cartesian coordinate system wherex points north,ŷ points east, andẑ is positive-down. Thus the gravity gradient tensor components are given in matrix form as
This matrix has five independent components as it is symmetric and traceless. We define the positioning vector r as
where x p , y p , z p and x q , y q , z q are the position vectors of the observation point and source respectively.
The positioning vector r can be obtained from the gravity gradient tensor at each observation point. The construction of the vector can proceed using multiple combinations of components. For example, we can use the off-diagonal components of the gravity gradient tensor to define |r|:
where α = (3γm) 1/3 . If negative components of the gradient tensor exist, T xy T yz T xz can be negative and thus the positioning vector will become complex. However the distance |r| between the source and observation point will always be real since
where
Alternatively, we can define the positioning vector with all five independent components as
It is important to note that only the distance between the observation and source points, |r|, has a meaningful value in this construction (equation 5) of the positioning vector. Therefore the direction information should be extracted from the gravity gradient tensor in a different manner to obtain the source locations. Direction angles can be obtained through ratios of proper tensor components as
where θ xy , θ yx , and θ xz are the angles fromx,ŷ, andẑ to the source, anti-clockwise on the x − y, y − z, and z − x plane respectively. Only two of these angles with the calculated distance are required to define the three components of the positioning vector. For example, using θ xy and θ yz , the positioning vector can be described by r = |r|ζ cos θ xy cos θ yz , sin θ xy cos θ yz , sin θ xy sin θ yz
The positioning vector, however, still has ambiguities in equation 8 because the direction angles are derived from gravity gradient components that depend not only on the direction of the source but also the density contrast. For example, figure 1 shows that inverting the z component of the observation plane also inverts the calculated direction to the source. Nevertheless, the source location can be determined by combining the distances calculated in equations 5 or 6 and the directions in equation 7 as shown in figure 2 . First, the direction vectors are calculated as in equation 7. The vectors are then given magnitudes as calculated in equation 5 for both the calculated and opposite directions. Where these vectors converge at a point is the location of the source.
This method is equally applicable to prismatic sources. At sufficient distances, a prismatic source can be approximated by a point source. When distances are smaller, the calculated vectors will converge in a region about the center of mass rather than a point (figure 3). Figure 4 shows the difficulty in resolving two prisms with small separation-the observation borehole is too close to the sources to resolve the presence of distinct prisms.
INVERSE APPROACH
We developed the geometric approach under the strong assumptions that the number of independent components of the gravity gradient tensor is enough to extract distance and direction angles and that the target is approximated by a point source. In general, anomalous bodies cannot be approximated by a point source. Moreover, the number of tensor components acquired in a borehole may be limited and insufficient to solve the equations related to distance and direction. Therefore, direct inversion of the gravity gradient data is required in general to interpret for anomalous bodies with arbitrary shape.
To invert borehole gravity gradient data we apply a regularized 3-D inversion as described by Li (2001) . This algorithm inverts arbitrarily located gravity gradients to recover a 3D distribution of density contrast by minimizing a model objective function subject to fitting the data to a certain degree. The recovered model model is constrained in in several ways: smoothing parameters, density bounds, and distance weighting.
We show inversion results for two different models to demonstrate both the efficacy as well as limitations of this approach. Figure 5 shows the results of inverting data calculated from a model with a single prism. These results indicate that for a compact body, as few as two components is adequate to reconstruct the model accurately and to determine its distance to the borehole and azimuth. For the model with two prisms, we test the inversion for different borehole locations. If both prisms are located at the same azimuth direction form the borehole, the inversion can only image the closer prism and is unable to resolve the presence of two prism ( Figure 6 ). If the prisms are located in different azimuth directions, it is possible to image both prisms only if all five independent gradient tensor components are used. Figure 7 shows that the inversion of the full gradient tensor in a borehole located between the two prisms successfully identifies both bodies, albeit with a low resolution. Other combinations of components are incapable of discriminating the two prisms. 
DISCUSSION
We have shown two interpretation methods of gravity gradient data from a single borehole. The geometric approach can reliably indicate the position of a compact source relative to the borehole in the absence of other anomalous bodies by using the relationships between the gradient components. In general, we can invert for a three dimensional distribution of anomalous mass with as few as two measured gravity gradient components in a single borehole. For complex structures containing multiple sources, however, we show that a single-borehole measurement is insufficient to resolve the distribution appropriately.
